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Effective action theory of Andreev level spectroscopy
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With the aid of the Keldysh effective action technique we develop a microscopic theory describing
Andreev level spectroscopy experiments in non-tunnel superconducting contacts. We derive an
effective impedance of such contacts which accounts for the presence of Andreev levels in the system.
At subgap bias voltages and low temperatures inelastic Cooper pair tunneling is accompanied by
transitions between these levels resulting in a set of sharp current peaks. We evaluate the intensities
of such peaks, establish their dependence on the external magnetic flux piercing the structure and
estimate thermal broadening of these peaks. We also specifically address the effect of capacitance
renormalization in a non-tunnel superconducting contact and its impact on both the positions and
heights of the current peaks. At overgap bias voltages the I−V curve is determined by quasiparticle
tunneling and contains current steps related to the presence of discrete Andreev states in our system.
PACS numbers: 74.45.+c, 74.50.+r, 73.23.-b, 85.25.Cp
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I. INTRODUCTION
The description of complex systems in terms of the
so-called ”collective” variables has a long history in con-
densed matter physics. An important example of such
a variable is the ”order parameter field” usually em-
ployed for theoretical analysis of phase transitions. A
convenience of this approach is guaranteed by the most
economic formulation, nevertheless enabling to provide
nontrivial results. Sometimes the correct description can
even be constructed phenomenologically, as was the case,
e.g., with the celebrated Ginzburg-Landau theory of su-
perconductivity [1] justified later on microscopic grounds
[2].
Another milestone of this formalism is represented by
the Feynman-Vernon influence functional theory [3] and
the related Caldeira-Leggett analysis of quantum dissi-
pation [4, 5]. Within this description all ”unimportant”
(bath) degrees of freedom are integrated out and the the-
ory is formulated in terms of the effective action being the
functional of the only collective variable of interest. Both
dissipation and superconductivity are combined within
the Ambegaokar-Eckern-Scho¨n (AES) effective action ap-
proach [6, 7] describing macroscopic quantum behavior
of metallic tunnel junctions. In this case the collective
variable of interest is the Josephson phase, and the whole
analysis can be formulated for both superconducting and
normal systems embracing various equilibrium and non-
equilibrium situations.
Later on it was realized that the AES type-of-approach
can be extended to arbitrary (though sufficiently short)
coherent conductors, including, e.g., diffusive metallic
wires, highly transparent quantum contacts etc. Also in
this general case a complete effective action of the system
can be derived both within Matsubara [8] and Keldysh
[9] techniques, however the resulting expressions turn out
to be rather involved and usually become tractable only
if one treats them approximately in certain limits. The
character of approximations naturally depends on the
problem under consideration. E.g., Coulomb effects on
electron transport in short coherent conductors, as well
as on shot noise and higher current cumulants can be
conveniently studied within the quasiclassical approxi-
mation for the phase variable [10–12], renormalization
group methods [13], instanton technique [14] and for al-
most reflectionless scatterers [15, 16]. Some of the above
approximations are also helpful for the analysis of fre-
quency dispersion of current cumulants [16, 17].
Another type of approximation is realized if one re-
stricts phase fluctuations to be sufficiently small. This
approximation may be particularly useful for supercon-
ducting contacts with arbitrary transmissions of their
conducting channels. In this case one can derive the ef-
fective action in a tractable form [18] and employ it for
the analysis of various phenomena, such as, e.g., equilib-
rium supercurrent noise, fluctuation-induced capacitance
renormalization and Coulomb interaction effects.
An important feature of the effective action [18] is
that it fully accounts for the presence of subgap Andreev
bound states in superconducting contacts. In the case of
sufficiently short contacts the corresponding energies of
such bound states are ±ǫn(χ), where
ǫn(χ) = ∆
√
1− Tn sin2(χ/2), (1)
∆ is the superconducting gap, Tn ≤ 1 defines the trans-
mission of the n-th conducting channel and χ is the su-
perconducting phase jump across the contact. In the
tunneling limit Tn ≪ 1 we have ǫn(χ) ≃ ∆ for any value
of the phase χ, i.e. subgap bound states are practically
irrelevant in this case. For this reason such states are
missing, e.g., in the AES action [6, 7]. On the other
hand, at higher transmission values the energies of An-
dreev levels (1) can be considerably lower than ∆ and
may even tend to zero for fully open channels and χ ≈ π.
The presence of such subgap states may yield consider-
able changes in the behavior of (relatively) transparent
superconducting contacts as compared to that of Joseph-
son tunnel junctions.
2Recently the authors [19, 20] performed experiments
aimed at directly detecting Andreev levels by means of
microwave spectroscopy of non-tunnel superconducting
atomic contacts. In this work we will employ the effective
action approach [18] and develop a microscopic theory of
Andreev level spectroscopy in superconducting contacts
with arbitrary distribution of transmission values Tn. As
a result of our analysis, we will formulate a number of
predictions which would allow for explicit experimental
verification of our theory.
The structure of the paper is as follows. In section II
we will specify the system under consideration and for-
mulate the problem to be addressed in this work. In
section III we will employ our effective action formalism
[18] and evaluate the impedance of an effective environ-
ment formed by a system involving subgap Andreev lev-
els. These results will then be used in section IV in order
to establish the P (E)-function for our system and to de-
termine the relative intensity of different current peaks
in the subgap part of the I − V curve. The effect of ca-
pacitance renormalization on both the positions and the
heights of such peaks will be studied in section V, while
in section VI we will address thermal broadening of these
peaks. In section VII we will analyse the I − V curve at
larger voltages where quasiparticle tunneling dominates
over that of Cooper pairs. The paper will be concluded
in section VIII by a brief summary of our main observa-
tions.
II. STATEMENT OF THE PROBLEM
Following the authors [19, 20] we will consider the cir-
cuit depicted in Fig. 1. This circuit can be divided into
two parts. The part to the right of the vertical dashed line
represents a superconducting loop pierced by an external
magnetic flux Φ. This loop includes a Josephson tunnel
junction with normal state resistance RN and Josephson
coupling energy EJ connected to a non-tunnel supercon-
ducting contact thereby forming an asymmetric SQUID.
The latter contact is characterized by an arbitrary set of
transmissions Tn of their transport channels and – pro-
vided the superconducting phase difference χ is imposed
– may conduct the supercurrent [21]
IS(χ) =
e∆sinχ
2
∑
n
Tn√
1− Tn sin2(χ/2)
(2)
× tanh
∆
√
1− Tn sin2(χ/2)
2T
,
where −e stands for the electron charge. Below we will
assume that temperature T is sufficiently low T ≪ ∆ and
we will stick to the limit
RN ≪ Rc, (3)
where 1/Rc = (e
2/π)
∑
n Tn is the normal state resis-
tance of a non-tunnel contact. In this case the criti-
cal current of the Josephson tunnel junction ∝ 1/RN
C
I
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FIG. 1: The circuit under consideration. The measured sys-
tem, shown to the right of the dashed line, represents an
asymmetric SQUID comprising a Josephson tunnel junction
with resistance RN and Josephson coupling energy EJ and
a non-tunnel superconducting contact, characterized by an
arbitrary set of transmissions Tn of its conducting channels.
The total capacitance C consists of a sum of geometric ca-
pacitances of both superconducting junctions CΣ and also in-
cludes the renormalization term from the Josephson element,
cf. Eq. (13) below. The superconducting loop is pierced by
the magnetic flux Φ. The measuring device (the spectrome-
ter) is shown to the left of the dashed line. It incorporates
a voltage-biased tunnel junction with Josephson coupling en-
ergy EJS connected to the measured system via a low resis-
tance R and a large capacitance C0.
strongly exceeds that of the non-tunnel superconducting
contact ∝ 1/Rc. In this limit the phase jump across the
Josephson junction is close to zero, while this jump across
the non-tunnel contact is χ ≈ 2πΦ/Φ0. Here Φ0 = πc/e
is the superconducting flux quantum, c is the light veloc-
ity and the Planck’s constant is set equal to unity ~ = 1.
The remaining part of the circuit in Fig. 1 (one to
the left of the vertical dashed line) serves as measuring
device called a spectrometer [20]. It consists of a volt-
age biased superconducting tunnel junction with Joseph-
son coupling energy EJS connected to the asymmetric
SQUID via a large capacitance C0.
Assuming that the value EJS is sufficiently small, one
can evaluate the inelastic Cooper pair current I across
the spectrometer perturbatively in EJS . At subgap val-
ues of the applied voltage V one readily finds [22, 23]
I =
eE2JS
2
(P (2eV )− P (−2eV )) , (4)
where
P (E) =
∞∫
−∞
dteiEt exp

4e
2
π
∞∫
0
dω
ω
Re [Z(ω)]
×
[
coth
ω
2T
(cos(ωt)− 1)− i sin(ωt)
]}
(5)
is the function describing energy smearing of a tunnel-
ing Cooper pair due to its interaction with the elec-
3tromagnetic environment characterized by a frequency-
dependent impedance Z(ω) and temperature T . Pro-
vided the function P (E) has the form of a delta-function
P (E) ∝ δ(E−E0), the current will be peaked as I(V ) ∝
δ(2eV − E0). This situation is similar to a narrow spec-
tral line on a photoplate, thereby justifying the name of
the measuring device.
Coupling of the spectrometer to a single environmental
mode (provided, e.g., by an LC-contour) was considered
in Ref. 23. In this case the environmental impedance
takes a simple form
Z0(ω) =
iω
C((ω + i0)2 − ω20)
. (6)
Here C is an effective capacitance of the LC-contour and
ω0 is the oscillation frequency. As usually, an infinites-
imally small imaginary part i0 added to ω in the de-
nominator indicates the retarded nature of the response.
Employing Eq. (5) together with the Sokhotsky’s for-
mula
Im
1
x+ i0
= −πδ(x), (7)
in the limit of low temperatures one finds
P (E) = 2πe−ρ
∞∑
k=0
ρk
k!
δ(E − kω0), ρ = 4EC
ω0
. (8)
Here and below EC = e
2/2C is the effective charging
energy. Combining Eqs. (8) and (4) we obtain the I −
V curve for our device which consists of narrow current
peaks at voltages
2eV = kω0, k = 1, 2, ... (9)
The physics behind this result is transparent: A Cooper
part with energy 2eV that tunnels across the junction
releases this energy by exciting the environmental modes.
In the case of an environment with a single harmonic
quantum mode considered above this process can occur
only at discrete set of voltages (9).
Turning back to the system depicted in Fig. 1, we ob-
serve a clear similarity to the above example of the LC-
contour. Indeed, the asymmetric SQUID configuration
on the right of Fig. 1 plays the role of an effective inelas-
tic environment for the spectrometer. Bearing in mind
the kinetic inductances of both the Josephson element
and the non-tunnel superconducting contact, to a certain
approximation this environment can also be viewed as an
effective LC-contour. An important difference with the
latter, however, is the presence of extra quantum states –
discrete Andreev levels (1) – inside the superconducting
contact. Hence, tunneling of a Cooper pair can also be
accompanied by upward transitions between these states
and – along with the current peaks at voltages (9) – one
can now expect the appearance of extra peaks at
2eV = kω0 + 2ǫn(χ), k = 0, 1, 2, ... (10)
This simple consideration served as a basic principle
for the Andreev spectroscopy experiments [19] as well as
for their interpretation [20]. While this phenomenological
theory [20] correctly captures some important features of
the phenomenon, it does not yet allow for the complete
understanding of the system behavior, see, e.g., the cor-
responding discussion in Ref. 20. Therefore, the task
at hand is to microscopically evaluate the function P (E)
for the asymmetric SQUID of Fig. 1, which governs the
response of the spectrometer to the applied voltage. In
the next section we will describe the effective formalism
which will be employed in order to accomplish this goal.
III. EFFECTIVE ACTION AND EFFECTIVE
IMPEDANCE
Let us denote the total phase difference across the non-
tunnel superconducting contact as χ + 2ϕ(t), where χ
is the constant part determined by the magnetic flux Φ
and 2ϕ(t) is the fluctuating part of the superconducting
phase. Assuming that the Josephson coupling energy of
a tunnel junction EJ is sufficiently large one can restrict
further analysis to small phase fluctuations 2ϕ(t)≪ 1 in
both tunnel and non-tunnel contacts forming our asym-
metric SQUID. The total action S describing our system
consists of three terms
S = SCh + SJ + Ssc, (11)
describing respectively the charging energy, the Joseph-
son tunnel junction and the non-tunnel superconducting
contact. In what follows we will stick to the Keldysh rep-
resentation of the action in which case it is necessary to
consider the phase fluctuation variable on two branches
of the Keldysh contour, i.e. to define ϕ1(t) and ϕ2(t). At
subgap frequencies the sum of the first two terms in Eq.
(11) reads
SCh + SJ = −
∫
dtϕ−(t)[ϕ¨+(t)/(2EC) + 4EJϕ+(t)].
(12)
Here, as usually, we introduced the so-called ”classi-
cal” and ”quantum” phases ϕ+(t) = (ϕ1(t) + ϕ2(t))/2,
ϕ−(t) = ϕ1(t)−ϕ2(t) and defined an effective capacitance
C = CΣ +
π
16∆RN
, (13)
which accounts for the renormalization of the geometric
capacitance CΣ due to fluctuation effects in the Joseph-
son junction [7]. The above expansion of the total ef-
fective action in powers of (small) phase fluctuations re-
mains applicable for
EJ ≫ EC . (14)
Expanding now the action Ssc around the phase value
χ, we obtain [18]
iSsc = − i
e
t∫
0
dt′IS(χ)ϕ−(t
′) + iSR − SI , (15)
4where IS(χ) is defined in Eq. (2) and
SR =
t∫
0
dt′
t∫
0
dt′′R(t′ − t′′)ϕ−(t′)ϕ+(t′′), (16)
SI =
t∫
0
dt′
t∫
0
dt′′I(t′ − t′′)ϕ−(t′)ϕ−(t′′). (17)
Both kernels R(t) and I(t) are real functions related
to each other via the fluctuation-dissipation theorem.
Defining the Fourier transform of these two kernels re-
spectively as Rω = R′ω + iR′′ω and Iω (having only the
real part), we obtain
R′′ω = 2Iω tanh
ω
2T
. (18)
The action (15) results in the following current through
the contact [18]
I = IS(χ)− e
∫
dt′R(t− t′)ϕ+(t′) + δI(t). (19)
Here δI(t) is the stochastic component of the current. In
the non-fluctuating case ϕ˙+(t) = eV (t), and Eq. (19)
defines the current-voltage relation.
The explicit expression for the kernel R(t) contains
three contributions [18]: One of them originates from
the subgap Andreev bound states, another one describes
quasiparticle states above the gap and, finally, the third
term accounts for the interference between the first two.
As here we are merely interested in the subgap response
of our system, below we will specify only the part of the
kernel R governed by the Andreev bound states. In the
limit of low temperatures it reads (cf. Eqs. (A3), (A5)
in Ref. 18):
Rω =
∑
n
γn
4ǫ2n(χ)− (ω + i0)2
, (20)
where, as before, the summation is taken over the con-
ducting channels of the superconducting contact and
γn = 4T
2
n(1 − Tn)
∆4
ǫn(χ)
sin4
χ
2
tanh
ǫn(χ)
2T
. (21)
Now we are in a position to evaluate the current
through the spectrometer. In the second order in EJS
we obtain
I(V ) =
eE2JS
2
∫
dtRe
(
e2ieV t
〈
e2iϕ1(t)−2iϕ1(0)+ (22)
e2iϕ2(t)−2iϕ1(0) − e2iϕ1(t)−2iϕ2(0) − e2iϕ2(t)−2iϕ2(0)
〉)
,
where the angular brackets imply averaging performed
with the total Keldysh action (11). Under the approxi-
mations adopted here this average is Gaussian and it can
be handled in a straightforward manner. As a result, we
again arrive at Eqs. (4), (5), where the inverse impedance
of our effective environment takes the form
1
Z(ω)
=
C
(
ω2 − ω20
)
iω
+
∑
n
e2γn
iω [4ǫ2n(χ)− ω2]
. (23)
Here and below ω0 =
√
8EJEC is the Josephson plasma
frequency.
Eq. (23) – combined with Eqs. (1), (21) – is our central
result which will be employed below in order to evaluate
the P (E)-function and to quantitatively describe the re-
sults of Andreev level spectroscopy experiments.
IV. INTENSITY OF SPECTRAL LINES
It is obvious from Eqs. (4), (5) that the positions of
the current peaks are determined by zeroes of the inverse
impedance (23). Our theory allows to establish both the
positions and relative heights of these peaks.
To begin with, let us assume that only one trans-
port channel with transmission Tn in our superconduct-
ing contact is important, while all others do not exist or
are irrelevant for some reason. In this case from Eq. (23)
we obtain
Re [Z(ω)] =
π
4C
{
[δ(ω −√x1) + δ(ω +
√
x1)]
[
1 +
4ǫ2n(χ)− ω20√
(4ǫ2n(χ)− ω20)2 + (4e2γn/C)
]
+
[δ(ω −√x2) + δ(ω +
√
x2)]
[
1 +
ω20 − 4ǫ2n(χ)√
(4ǫ2n(χ)− ω20)2 + (4e2γn/C)
]}
, (24)
where
x1,2 =
4ǫ2n(χ) + ω
2
0 ∓
√
(4ǫ2n(χ)− ω20)2 + 4e2γn/C
2
.
(25)
These equations demonstrate that close to the ”level in-
5tersection” point ω0 ≈ 2ǫn an effective ”level repulsion”
is controlled by the factor γn (21). Outside of an im-
mediate vicinity of this point one can make use of the
condition
γn ≪ ECmax(ω20 , ǫ2n(χ)) (26)
(which is typically well satisfied for the parameters under
consideration) and expand the square roots in Eqs. (24),
(25) in powers of γn. As a result, one finds
Re [Z(ω)] =
π
2C
[δ(ω − ω0) + δ(ω + ω0)
+
2ECγn
(ω20 − 4ǫ2n)2
(δ(ω − 2ǫn) + δ(ω + 2ǫn))
]
. (27)
Introducing the dimensionless expressions
κn =
ECω0γn
ǫn (ω20 − 4ǫ2n)2
, (28)
we get up to the first order in κn:
P (E) = 2πe−ρ(1+κn)
∞∑
k=0
ρk
k!
[δ(E − kω0)
+κnρδ(E − kω0 − 2ǫn)] . (29)
Substituting this result into Eq. (4) we recover the I−V -
curve of our device at subgap voltages which fully deter-
mines the heights of all current peaks.
For instance, Eq. (29) yields the following ratio for
the intensities of the two principal (voltage-integrated)
current peaks occurring at the points 2eV = 2ǫn and
2eV = ω0:∫
eV≈ǫn
I(V )dV∫
eV≈ω0/2
I(V )dV
= κn ∝
sin4 χ2
ǫ2n(χ) (ω
2
0 − 4ǫ2n(χ))2
. (30)
This formula determines relative intensities of the spec-
tral lines as a function of the phase χ (or, equivalently,
the applied magnetic flux Φ) and constitutes a specific
prediction of our theory that can be directly verified in
experiments. Eq. (30) holds irrespective of the fact that
in any realistic experiment the δ-function current peaks
can be somewhat broadened by inelastic effects and it
applies not too close to the point ω0 = 2ǫn. This ra-
tio of intensities is graphically illustrated in Figs. 2 and
3. The parameters of the figures are chosen in such a
way, that ω0 = 2ǫn at χ ≈ π/2. Fig. 3 is characterized
by the smaller value of γn. The approximate expression
(30) provides a good description away from χ ≈ π/2 for
both figures. It becomes better in the Fig.3, since it cor-
responds to smaller γn.
The above consideration can be generalized to the case
of several conducting channels in a straightforward man-
ner. For the sake of definiteness let us consider the con-
tacts containing two transport channels with transmis-
sions Tn and Tm. In this case Eq. (25) should be modified
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FIG. 2: The ratio of the intensities of the current peaks at
2eV = 2ǫn and 2eV = ω0. The parameters are Tn = 0.9,
ω0 = 1.48∆, e
2/C = 0.4∆. The dashed line results from the
exact expression (24), the solid line represents the approxi-
mate expression (30).
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FIG. 3: The same as in Fig. 2 for e2/C = 0.1∆.
accordingly. Outside an immediate vicinity of the point
ω0 = 2ǫn we obtain the change of the root corresponding
to the plasma mode
x1 = ω
2
0 +
2ECγn
(ω20 − 4ǫ2n)
+
2ECγm
(ω20 − 4ǫ2m)
+ ... (31)
where ... stands for higher order in γn,m terms. Similarly,
for the other root we get
x2 = 4ǫ
2
n +
2ECγn
(4ǫ2n − ω20)
− 4E
2
Cγ
2
n
(4ǫ2n − ω20)3
+
E2Cγnγm
(4ǫ2n − ω20)2 (ǫ2n − ǫ2m)
+ ... (32)
It also follows that the coefficients in front of the δ-
functions in Eq. (27) take the same form in the leading
order in γn,m. Thus, instead of Eq. (29) we now have
P (E) = 2πe−ρ(1+κn+κm)
∞∑
k=0
ρk
k!
[δ(E − kω0)
+κnρδ(E − kω0 − 2ǫn) + κmρδ(E − kω0 − 2ǫm)] . (33)
6Close to the intersection point between the plasma mode
and one of the Andreev modes the picture will still be
governed by Eqs. (24), (25).
Thus, Eq. (33) demonstrates that the two transport
channels just yield ”additive” contributions to the P (E)-
function describing the asymmetric SQUID under con-
sideration. Along the same lines one can also recover the
P (E)-function for the case of more than two transport
channels available in the contact.
V. CAPACITANCE RENORMALIZATION
In the above analysis we implicitly assumed that the
Josephson plasma frequency ω0 does not depend on χ.
In the interesting for us limit (3) this assumption is well
justified provided all channel transmission values Tn re-
main substantially lower than unity. The situation may
change, however, if at least one channel is (almost) open
Tn ≈ 1 and, on top of that, the phase χ controlled
by the magnetic flux Φ is driven sufficiently close to π.
In that case capacitance renormalization effects due to
phase fluctuations in the superconducting contact may
yield an important contribution which needs to be prop-
erly accounted for.
In order to do so we make use of the results [18] where
the capacitance renormalization in a superconducting
contact with arbitrary distribution of transmissions Tn
was investigated in details. Accordingly, Eq. (13) should
in general be replaced by
C(χ) = CΣ +
π
16∆RN
+ δC(χ), (34)
where [18]
δC(χ) =
e2
4∆
∑
n
{
2− (2− Tn) sin2(χ/2)
Tn sin
4(χ/2)
(35)
− (1− Tn sin2(χ/2))−5/2
[
2Tn(Tn − 2) sin2(χ/2)
+5 + Tn +
2− 2(1 + 2Tn) sin2(χ/2)
Tn sin
4(χ/2)
]}
.
For any transmission distribution and small phase values
χ≪ 1 Eq. (35) yields
δC ≃ π
16∆Rc
, (36)
while for small Tn ≪ 1 and any χ one finds
δC(χ) =
3π
32∆Rc
(
1− cosχ
3
)
. (37)
In both cases under the condition (3) an extra capaci-
tance term δC(χ) in Eq. (34) can be safely neglected
and the latter reduces back to Eq. (13). On the other
hand, in the presence of highly transparent channels with
Tn ≈ 1 Eq. (35) results in a sharp peak of δC at χ→ π:
δC ≃ e
2
4∆
∑
n
1
(1− Tn)3/2
, (38)
which, depending on the parameters, may even dominate
the effective capacitance C at such values of χ. As a
result, the plasma frequency ω0 acquires the dependence
on χ which may become quite significant for phase values
approaching χ ≈ π. In this case in the results derived in
the previous section one should replace ω0 → ω0(χ) =√
8EJEC(χ), where EC(χ) = e
2/2(C + δC(χ)).
The dependence δC(χ) for various transmission distri-
butions was studied in Ref. 18 (cf., e.g., Fig. 3 in that
paper). One of the important special cases is that of
diffusive barriers. In this case the distribution of chan-
nel transmissions Tn approaches the universal bimodal
form with some channels being almost fully open and,
hence, the capacitance renormalization effect should play
a prominent role at χ ≈ π. At such values of χ one finds
[18] δC(χ) ≃ [∆Rc(π − χ)2]−1.
It should be emphasized that this capacitance renor-
malization influences not only Andreev peaks at eV =
2ǫn, but also the peaks occuring at voltages (9). Namely,
as the phase χ approaches π the positions of these
peaks are shifted towards smaller voltages (since ω0 ∝
1/
√
C(χ)) while the magnitudes of these peaks decrease
(since ρ ∝ 1/
√
C(χ)). Likewise, the magnitudes of prin-
cipal Andreev peaks ∝ ρκn may decrease significantly for
χ→ π.
VI. SPECTRAL LINES WIDTH
Within the framework of our model the width of cur-
rent peaks should tend to zero at T = 0. However, at
any nonzero T these peaks become effectively broadened
due to inelastic effects. The corresponding linewidth can
be estimated as δ ∼ 1/(R˜C), where R˜(T ) is the effective
resistance of our system which tends to infinity at T → 0
but remains finite at nonzero temperatures. The value
R˜(T ) is controlled by the imaginary part of the kernel
R. It is necessary to include two contributions to this
kernel – one from the non-tunnel superconducting con-
tact (already discussed above) and another one from the
Josephson tunnel junction. Accordingly, for the imagi-
nary part of the Fourier component for the total kernel
R˜ we have
R˜′′ω = R′′ω +R′′Jω, (39)
where (for 0 < ω < 2∆)
R′′Jω =
1
e2RN
∞∫
∆
dǫ
[
ǫ(ǫ + ω) + ∆2
]
√
ǫ2 −∆2
√
(ǫ+ ω)2 −∆2
×
[
tanh
ǫ+ ω
2T
− tanh ǫ
2T
]
(40)
7and R′′ω is obtained from Eq. (18) combined with Eq.
(A1) from Ref. 18. As a result, for the subgap region we
get
R′′ω =
∑
n
{
T 3/2n
[
tanh
ω + ǫn(χ)
2T
− tanh ǫn(χ)
2T
]
θ(ω −∆+ ǫn(χ))
∣∣∣sin χ
2
∣∣∣ (41)
× ∆
(
ωǫn(χ) + ∆
2(1 + cosχ)
)
2ǫn(χ) ((ω + ǫn(χ))2 − ǫ2n(χ))
√
(ω + ǫn(χ))2 −∆2
+
Tn
π
∞∫
∆
dǫ
√
ǫ2 −∆2
√
(ǫ+ ω)2 −∆2
(ǫ2 − ǫ2n)((ǫ + ω)2 − ǫ2n)
(
ǫ(ǫ+ ω) + ∆2 cosχ+ Tn∆
2 sin2
χ
2
) (
tanh
ǫ+ ω
2T
− tanh ǫ
2T
)}
.
Note that in the lowest order in Tn this expression nat-
urally reduces to that in Eq. (40) (with RN → Rc).
On the other hand, for higher transmission values the
difference between the two contributions (40) and (41)
become essential: While the former yields the standard
thermal factor ∼ exp(−∆/T ), the latter turns out to be
proportional to
∑
n exp(−ǫn/T ) (as long as ω+ ǫn > ∆).
It follows from the above consideration that the width
of the plasma mode peak can be estimated as
δ ∼ 2ECR˜
′′
ω0
ω0
, (42)
whereas the width of the current peak corresponding to
the n-th Andreev level (away from its intersection with
the plasma mode) is
δ ∼ 2κnECR˜
′′
2ǫn
ω0
. (43)
with κn defined in Eq. (28). In the vicinity of the inter-
section point ω0 = 2ǫn it is necessary to replace κn by a
more complicated expression resulting from Eq. (24).
These estimates demonstrate the crossover from the
standard thermal broadening factor ∼ exp(−∆/T ) to a
bigger one ∼ exp(−ǫn(χ)/T ) which accounts for the pres-
ence of subgap Andreev levels.
Note that our present consideration is sufficient only
in the absence of extra sources of dissipation and under
the assumption of thermalization. Both additional dissi-
pation and non-equilibrium effects can further broaden
the current peaks beyond the above estimates. Non-
equilibrium effects can be captured, e.g., within the ef-
fective action formalism [24] which – being equivalent
to that of Ref. 18 in equilibrium – also allows for non-
equilibrium population of Andreev bound states. The
corresponding analysis, however, is beyond the frames of
the present paper.
VII. QUASIPARTICLE CURRENT
To complete our analysis let us briefly discuss the sys-
tem behavior at higher voltages eV > 2∆. In this case
the I−V curve of our device is determined by quasiparti-
cle tunneling. In the presence of an inelastic environment
one has [25]
Iqp(V ) =
∞∫
−∞
dω
2π
1− e−eV/T
1− e−ω/T P (eV − ω)I
(0)
qp
(ω
e
)
. (44)
Here Iqp(V ) and I
(0)
qp represent the non-oscillating part of
the voltage-dependent quasiparticle current respectively
in the presence and in the absence of the environment. At
T → 0 the latter is defined by the well-known expression
I(0)qp (V ) = (45)
∆
eRNS
θ(v − 1)
[
2vE
(
1− v−2)− 1
v
K
(
1− v−2)] ,
where RNS is the normal resistance of the spectrome-
ter junction, v = eV/2∆ and E(k), K(k) are complete
elliptic integrals defined as
E(k) =
π/2∫
0
dφ
√
1− k sin2 φ, K(k) =
π/2∫
0
dφ√
1− k sin2 φ
.
(46)
Combining Eqs. (44)- (46) with the expression for the
P (E)-function (which is still defined by Eq. (29) with
ρ → ρ/4 = EC/ω0) we arrive at the I − V curve which
contains two sets of current jumps (steps) at eV = 2∆+
kω0 and eV = 2∆ + kω0 + 2ǫn. This behavior for an
effective two mode environment is illustrated in Fig. 4.
VIII. CONCLUSIONS
In this work we developed a microscopic theory en-
abling one to construct a quantitative description of mi-
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FIG. 4: Zero-temperature quasiparticle current (44) with the
environment characterized by two quantum modes with fre-
quencies ω1 = 0.4∆ and ω2 = 0.7∆. We also set ρ1 = 2 and
ρ2 = 1. The current steps are observed at eV = 2∆+kω1+lω2.
If ρ2 were much smaller than unity, the steps would be ob-
served at eV = 2∆ + kω1 and eV = 2∆+ kω1 + ω2.
crowave spectroscopy experiments aimed at detecting
subgap Andreev states in non-tunnel superconducting
contacts. Employing the effective action analysis [18] we
derived an effective impedance of an asymmetic SQUID
structure of Fig. 1 which specifically accounts for the
presence of Andreev levels in the system.
At subgap voltages the I − V curve for the spectrom-
eter is determined by inelastic tunneling of Cooper pairs
and has the form of narrow current peaks at voltage val-
ues (9) and (10). Our theory allows to explicitly eval-
uate the intensity of these current peaks and establish
its dependence on the external magnetic flux Φ pierc-
ing the system. We also estimated thermal broaden-
ing of the current peaks to be determined by the fac-
tor ∼ exp(−ǫn(χ)/T ) rather than by the standard one
∼ exp(−∆/T ).
In the vicinity of the point Φ ≈ Φ0/2 and provided
at least one of the channel transmissions Tn is suffi-
ciently close to unity, the positions and heights of the
current peaks may be significantly influenced by capaci-
tance renormalization in a superconducting contact. For
instance, the positions of the current peaks can decrease
at the flux values Φ ≈ Φ0/2. We speculate that this effect
could be responsible for experimental observations [19] of
such a decrease in one of the samples (sample 3). This
sample had about 20 conducting channels some of which
could well turn out to be highly transparent, thus pro-
viding necessary conditions for substantial χ-dependent
capacitance renormalization.
Finally, we also analyzed the system behavior at over-
gap voltages eV > 2∆ in which case the I − V curve is
mainly determined by quasiparticle tunneling. The pres-
ence of both the plasma mode and Andreev levels results
in the sets of current steps on the I − V curve of our
device, as illustrated, e.g., in Fig. 4.
All the above theoretical predictions can be directly
verified in future experiments.
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